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Introduction
This work is devoted to the stability analysis of highly regular isogeometric elements for the Stokes problem.
Isogeometric analysis has been introduced by Hughes et al. (2005) as a novel technique for the discretization of partial differential equations (PDEs). This technique is having a growing impact on several fields, from fluid dynamics (Bazilevs et al., , 2008 Zhang et al., 2007; Gomez et al., 2010; to structural mechanics Auricchio et al., 2007; Lipton et al., 2010) and electromagnetics (Buffa et al., 2010 . A comprehensive reference is the book by Cottrell et al. (2009) . Isogeometric methodologies are designed with the aim of a direct interface of the PDE solver to the computer aided design (CAD) system, in order to drastically reduce the error in the representation of the computational domain by the use of the "exact" CAD geometry directly at the coarsest level of discretization. This is achieved adopting B-Splines or Non-Uniform Rational B-Splines (NURBS) functions for the geometry description as well as for the representation of the unknown fields. Splines and NURBS offer a flexible set of basis functions for which mesh refinement (h-refinement) and degree elevation (p-refinement) are very efficient. Beside the fact that in isogeometric analysis one can directly treat geometries described by Splines and NURBS parametrizations, these functions are interesting in themselves since they easily allow global smoothness beyond the classical C 0 -continuity of the finite element method. This feature allows k-refinement, that is, one can refine the space keeping the maximum regularity C p−1 when new knots are inserted. Numerical tests shown in literature and the studies Evans et al., 2009; Beirão da Veiga et al., 2011) proved that higher smoothness is advantageous.
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A. BRESSAN AND G. SANGALLI Isogeometric methods for the Stokes problem have been the focus of previous works Bressan, 2011; . The motivation of the present work is to study isogeometric distretizations that extend the Taylor-Hood (TH) element, well known in the finite-element context (Taylor & Hood, 1973; Brezzi & Fortin, 1991) , to the isogeometric context. These isogeometric TH elements are based on p + 1 degree NURBS velocity approximation and p degree NURBS pressure approximation. The novelty, in the isogeometric framework, is that C r global regularity is allowed, up to r = p − 1. The stability of the isogeometric TH element is known from the numerical testing in Bazilevs et al. (2006) and and has been proved but only for C 0 regularity in Bazilevs et al. (2006) and for C 1 regularity in Bressan (2011) . We cover here the general case. Our approach is based on an original result about the characterization of the full-rank condition for the L 2 -scalar product of spline spaces. It states that given two univariate spline spaces S 1 and S 2 , possibly with different degrees and different knot vectors, if dim(S 1 ) dim(S 2 ), then the scalar product
is full rank if and only if the degrees-of-freedom density of S 1 is larger or equal to the degrees-offreedom density of S 2 . This is quantified in a rigorous way in Theorem 3.1 and extended to multivariate splines in Theorem 3.2. The full-rank characterization is then used to study the inf-sup stability of isogeometric spaces locally, at the macroelement level, and then globally, following the macroelement technique (Stenberg, 1984 (Stenberg, , 1990 .
Besides the isogeometric TH element, our full-rank characterization indicate that many other isogeometric discretizations of the Stokes problem are stable. Among them, we focus on the interesting case which is referred to as isogeometric subgrid (SG) element. This is designed on a velocity mesh which is a subgrid of the pressure mesh, and allows for both velocity and pressure at the highest regularity (typically (p + 1)-degree C p -continuous velocities and p-degree C p−1 -continuous pressures), in the spirit of k-refinement. Numerical tests show that also in this context the use of discrete fields at highest regularity is beneficial and improves the accuracy versus degrees-of-freedom ratio.
For the sake of simplicity, both in the mathematical analysis and in the numerical testing we deal with a single-patch geometry, that is, the physical domain is the image of a tensor product parametric domain, where tensor product discrete spaces are defined. However, the macroelement technique is local and therefore the proposed results can be generalized to a more general setting, for example, to multi-patch geometry.
The outline of the paper is as follows. After some preliminaries and notation on splines, NURBS and isogeometric analysis (Section 2), in Section 3, we present our characterization of the full-rank L 2 -scalar product of spline spaces. This result is then used in Section 4 to prove the inf-sup stability of the TH and SG isogeometric elements. Finally, in Section 5, we perform two-and three-dimensional numerical tests, confirming the stable behaviour of the isogeometric elements mentioned above.
Preliminaries

Spline spaces and notation
This section is devoted to a quick introduction of Spline spaces and to a presentation of the notation we will use. We refer to, for example, De Boor (2001) and Schumaker (1993) for more details.
Definition 2.1 Let p a non-negative integer and Ξ := (ξ 1 , ξ 2 , . . . , ξ n+p+1 ) a knot vector such that ξ i ξ i+1 . A B-spline space S p,Ξ is a space of functions f defined on R (denoted splines) that satisfy the ISOGEOMETRIC DISCRETIZATIONS OF THE STOKES PROBLEM 3 of 23 following conditions (codified in the knot vector)
3) let r be the maximum integer such that ξ i = · · · = ξ i+p−r−1 (with −1 r p − 1), then f has r continuous derivatives at ξ i ; when r = −1 a discontinuity (left-jump) is allowed at ξ i+1 ; the quantity r is referred as regularity at the knot ξ i and p − r is referred as multiplicity of the knot ξ i .
Furthermore, we introduce the vector Z = (ζ 1 , . . . , ζ m ) of knots without repetitions, and the vector (r 1 , . . . , r m ) of regularities, such that
Remark 2.1 By definition, all spline functions in S p,Ξ , and their derivatives, are right continuous everywhere, and
The dimension of the spline space
The spline space S p,Ξ has a canonical basis {B i } defined recursively over p by
3)
where, in (2.3), we assume 0/0 = 0. This basis has some noteworthy properties:
, whereJ is the closure of J; by continuity in ζ m . However, for the results we shall present in Section 3, it is more convenient to assume that splines are defined on R, which is our choice.
Remark 2.2 In our examples we will often restrict, for the sake of simplicity, to the case where the smoothness at the knots is constant. If r = r 2 = · · · = r m−1 and the knot vector is open (r 1 = r m = −1), the spline space will be denoted by S p,r,Z . If r = r 1 = r 2 = · · · = r m then we will use the notation
Remark 2.3 Let p 1 and S p,Ξ ⊂ C 0 (R), we define 
In this case, the canonical basis is 
. Therefore, on the so-called parametric domainΩ (2.8) it is defined a partitionT
The support of all splines of S p,Ξ is included in the closure ofΩ. As in the one-dimensional case, we use the notation S p,r,Z to denote S p,Ξ if the degree is p and the regularity at the internal knots is r in all tensor-product components and
• S p,r,Z if the regularity is r at all the knots.
NURBS and isogeometric analysis
A very short description of NURBS spaces and NURBS maps is given in this section. More on isogeometric analysis can be found in Hughes et al. (2005) and Cottrell et al. (2009) .
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NURBS functions are quotients of spline functions. A NURBS space is described by a spline space S p,Ξ and a strictly positive weight function ω ∈ S p,Ξ :
the weight ω is not shown in the notation because in this context it is assumed to be given as a datum of the problem, and is not changed during mesh refinement or degree elevation. As above, N p,r,Z denotes the special case of a NURBS space of degree p in all tensor-product components, on the meshT Z having internal knots of multiplicity p − r; the global regularity of N p,r,Z is then C r . NURBS functions are a fundamental tool in computer graphics, see, for example, Piegl & Tiller (1997) . In the isogeometric method, a single-patch physical domain Ω is given as the image of the parametric domainΩ through a continuous map F :Ω → R d whose components are in a NURBS space N p 0 ,r 0 ,Z 0 and thus share the same weight denominator ω. In this context, F and ω are considered data of the problem. Typically, F is given at a coarse level of discretization, while refined NURBS spaces are used for the discretization of unknown fields. Then, if Φ be is a space of scalar fields on Ω, its isogeometric discretization is obtained invoking the isoparametric approach, that is, one considers the space 11) where N p,Ξ is a NURBS space that refines N p 0 ,r 0 ,Z 0 . Discretization of vector fields is analogous: each component is discretized as (2.11). The mesh T Z on Ω is defined by the image of the meshT Z in the parametric space:
As usual in finite-elements analysis, the vector of knot vectors Z is sometimes replaced by the family index h that refers to the mesh size. The meanings of the symbols T h and N p,r,h are, respectively, T Z and N p,r,Z where Z is such that
Note that, by convention, when two symbols contain the same family index h then they are defined on the same partition Z. An additional assumption in isogeometric analysis is that all meshes T h are refinements of the coarse mesh
Rank of L
2 -scalar product between spline spaces
Zeros and sign changes
We recall some definitions from De Boor (2001).
Definition 3.2 (Zero) A zero of a function f is a maximal-closed interval z such that its interior is a subset of f −1 (0). The set of all zeros of f is denoted by Z(f ).
Definition 3.3 (Zero multiplicity) Let S p,Ξ be a given spline space and f ∈ S p,Ξ . The multiplicity z # of a zero z ∈ Z(f ) is the maximum integer α such that for all open interval J ⊃ z and for all L ∞ -neighbourhood H of f there exists a g ∈ H ∩ S p,Ξ that admits α sign changes in J.
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A. BRESSAN AND G. SANGALLI According to Definition 3.2, every x in the domain of f belongs to a zero of f , that is, either x belongs to an interval zero [a, b] such that a < b, or {x} is an isolated zero of f . This unusual definition of zero is complemented by the notion of of Definition 3.3. Note that z # depends on f and on the ambient space S p,Ξ which is taken into consideration, not appearing in the notation.
Remark 3.1 With an abuse of notation, in the following we will refer to z as a zero only when z # 1.
Remark 3.2 We have the following one-to-one correspondence (see De Boor, 2001 , Section 4): x is a sign change of f if and only if {x} is a zero of odd order.
The zero count Z # (f ) is bounded by the number of sign changes in the coefficients of f with respect to the canonical basis (2.2-2.4) (see Goodman, 1994; De Boor, 2001 ). Thus, in general, we have the following result.
In the next section, we will also need the following corollary.
Proof. Set C = 1 and assume that f (x) 0 in a right neighbourhood of ξ 1 = x 0 . If this is not the case, replace f with −f in what follows, and set C = −1.
We define x 1 , x 2 , . . . , x k as
Observe that for the assumption above, x 1 is well defined. Let now i 2. Assuming that x i−1 is defined, and x i−1 < ξ n+p+1 , (3.4) and the right continuity of f (see Remark 2.1) imply that
0} is nonempty and (3.4) defines x i . This construction terminates after finite recursion steps with
L 2 -scalar product of splines in one dimension
We first introduce a notation for restrictions of spline spaces. Definition 3.5 Let Ξ := (ξ 1 , ξ 2 , . . . , ξ n+p+1 ) be a given knot vector, S = S p,Ξ the associated spline space and
where {B i } is the canonical basis of S.
It is easily seen that both S ⊂J and S ∩J are spline spaces, subspaces of S. Indeed,
where ξ i−1 < a ξ i and ξ j b < ξ j+1 , while
where, now, ξ i−1 a < ξ i and ξ j < b ξ j+1 (in the previous inequalities, ξ −1 = −∞ and ξ n+p+2 = +∞). Consider now two spline spaces S 1 = S p 1 ,Ξ 1 and S 2 = S p 2 ,Ξ 2 with
. . , ζ 1,m 1 ) be the knot vectors without repetitions corresponding to Ξ 1 . We want to study the L 2 -scalar product
which is well defined on S 1 × S 2 . In particular, we want to characterize when the rank of (3.8) is equal to dim S 2 = n 2 . This is equivalent to the property that the matrix
has full rank and n 1 n 2 , (3.9)
where {B 1,i (x)} i=1,...,n 1 and {B 2,j (x)} j=1,...,n 2 are the canonical basis of S 1 and S 2 , respectively. A less straightforward, but more useful characterization is given in the next theorem, which is the key tool for the next sections.
Theorem 3.1 Assuming that
the following two properties are equivalent:
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A. BRESSAN AND G. SANGALLI Proof. We begin by proving the implication (3.11)⇒(3.12). Then, let us assume (3.11), which by (3.10) implies dim S 1 dim S 2 (3.13) and let 0 | = g ∈ S 2 . We also assume, for the moment, that for all non-null f ∈ S 1 , |supp f ∩ supp g| > 0, (3.14)
where |J| is the measure of J. Thanks to Corollary 3.2 applied to g we get x 0 , . . . , x k , with
Given indexes s, t such that 1 s < t n 1 + p 1 + 1, consider the knot vector (ξ 1,s , . . . , ξ 1,t ), its related space S p 1 ,(ξ 1,s ,...,ξ 1,t ) ⊂ S 1 , and the subspace
Observe that in (3.17) each zero condition v(x i ) = 0 acts as a linear constraint; moreover, from (3.15) and (3.13), the total number of such constraints (not necessarily independent) is k
Moreover, by reducing by one knot the knot vector (ξ 1,s , . . . , ξ 1,t ) either the dimension of S
decreases by one or is preserved, that is, (ξ 1,s ,. ..,ξ 1,t ) = {v ∈ S p 1 ,(ξ 1,s ,...,ξ 1,t ) : ∀x i ∈]ξ 1,s , ξ 1,t [, v(x i ) = 0}, and so From (3.18) , supp f has to be an interval, and from (3.19) it has to be the whole [ξ 1,s , ξ 1,t ]. This means that all (non-null multiplicity) zeros z ⊂ (ξ 1,s , ξ 1,t ) of f ∈ S p 1 ,(ξ 1,s ,...,ξ 1,t ) are isolated zeros. Then we know that z = {x i }, for all x i ∈]ξ 1,s , ξ 1,t [ are (non-null multiplicity) zeros of f . Because of Corollary 3.1 and (3.21), they are all the zeros of f and their multiplicity is 1. Thus, they are the sign changes (see Remark 3.2) and
Under assumption (3.14), recalling (3.16) and (3.22), we have R f (x)g(x) dx | = 0 and (3.12) is proved. It remains to deal with the case when (3.14) does not hold. In that case the set 
and (3.12) follows. Finally, we prove the implication (3.12)⇒(3.11). Assume (3.26) that is, (3.12) fails.
The following statements focus on condition (3.11) for two special cases involving spaces of uniform regularity (recall Remark 2.2). These results will be used in Section 4.3.
Proposition 3.1 Let S 1 =
• S p 1 ,r 1 ,Z and S 2 = S p 2 ,r 2 ,Z be associated to the same partition Z = (ζ 1 , . . . , ζ m ). Sufficient conditions for (3.11) are
[ that are far enough from the endpoints ζ 1 and ζ m . Precisely, when both i and m − i are
In order to prove (3.11), we consider the following cases:
then this case is specular to the previous one.
Another interesting case is when the partition Z 1 corresponding to S 1 is a refinement of the partition Z 2 corresponding to S 2 . In particular, given Z 2 = (ζ 2,1 , . . . , ζ 2,m 2 ) consider Z 1 = (ζ 1,1 , . . . , ζ 1,m 1 ), m 1 = 2m 2 − 1, defined by (2) 2(p 1 − r 1 ) p 2 − r 2 .
Proof. We reason as in the proof of Proposition 3.1 and consider the cases: Using the same approach of Proposition 3.2, it is possible to show criteria for partitions of any meshsize ratio. In particular, if Z 1 and Z 2 are refinements of a common Z 0 , respectively, obtained by dividing each element in k 1 , k 2 uniform elements, then the hypothesis 2 would be k 1 (p 1 − r 1 ) k 2 (p 2 − r 2 ).
L 2 -scalar product of splines in d-dimensions
Thanks to the tensor-product structure, the multi-dimensional cases of interest can be easily reduced to the one-dimensional case addressed in Theorem 3.1. ∀g ∈ S 2 , g | = 0, ∃f ∈ S 1 such that
Theorem 3.2 Given the two d-dimensional tensor-product spline spaces S
Proof. All functions g ∈ S 2 admit a decomposition of the form
where {B j,i } is the canonical basis of S p 2,j ,Ξ 2,j .
It is easy to see that (3.29) implies (3.30). Indeed, by Theorem 3.1, and recalling the equivalence between (3.9) and (3.12), ∀j = 1, . . . , d there exist functions B *
and applying the Fubini-Tonelli theorem gives
We have now to prove that (3.30) implies (3.29). Assume (3.29) does not hold. Therefore, by Theorem 3.1, for some k there exist a non-nullq k ∈ S p 2,k ,Ξ 2,k such that ∀f k ∈ S p 1,k ,Ξ 1,k ,
Using the Fubini-Tonelli theorem again, it follows that for all
(3.34)
The following corollary concerns a full-rank condition that involves derivatives. It will be used for the stability analysis of the Stokes problem. Recall the notation of (2.5). then for all nonconstant g ∈ S 2 there exists f ∈ S 1 such that
Proof. Recalling Remark 2.3, the implication follows immediately from Theorem 3.2, since
Application to the Stokes problem
Setting of the problem
The usual notation of Hilbert spaces is adopted: L 2 (Ω) is the space of the square integrable functions on 
where f : Ω → R d is given and the viscosity parameter ν is strictly positive and assumed constant in this paper. For the sake of simplicity, we consider only homogeneous Dirichlet boundary condition in (4.1).
For
The key ingredient for the stability and well posedness of Galerkin discretizations of (4.2) is the inf-sup condition (see Brezzi & Fortin, 1991) inf
where
are the spaces of discrete velocities and pressures corresponding to a mesh T h , and C inf -sup is a strictly positive constant independent of h. In this work, we will take into consideration various NURBS-based discrete spaces. Note that standard B-Spline spaces are included in the NURBS formalism.
The macroelement technique for NURBS spaces
For the proof of (4.3) we will make use of the so-called macroelement technique, developed in Stenberg (1984 Stenberg ( , 1990 for the stability analysis of finite-element discretizations based on quadratic C 0 velocities and linear C 0 pressures. When applying the macroelement technique in this context, one first make use of the so-called Verfürth trick (Verfürth, 1984) . It states that under common properties of the discrete spaces V h and P h defined on a mesh T h = {K}, and assuming, P h ⊂ H 1 (Ω), the inf-sup condition (4. is implied by the weaker inf-sup condition:
where |q| h is a mesh dependent norm on P h defined by
Remark 4.1 A similar analysis for discontinuous pressure fields is not straightforward and requires many technicalities and/or additional hypothesis.
The macroelement technique consists in reducing the global inf-sup stability condition to a local inf-sup condition for a class of sub-meshes, the macroelements. A macroelement M ⊂ T h is a set of contiguous elements of T h . In our case, we will select macroelements formed by a tensor product array of elements, grouping
, as shown in Fig. 1 . We will select L suitably in Theorems 4.1-4.2. To each macroelement, M ⊂ T h are associated a domain M = ∪ K∈MK and two discrete spaces
Proposition 4.1 (Macroelement technique; Stenberg, 1984 Stenberg, , 1990 Bressan, 2011) If there exist constants C overlap , C elem , C macro > 0 such that for all h it is possible to exhibit a collection of macroelements ISOGEOMETRIC DISCRETIZATIONS OF THE STOKES PROBLEM
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M h with the following properties:
• ∀K ∈ T h , there exists a macroelement in M h containing K;
• ∀K ∈ T h , there are at most C overlap macroelements in M h containing K;
Then, one can prove that (4.8) holds for suitable isogeometric spaces V h and P h . The analysis requires some regularity of the parametrization F of the domain. In particular,
• F is an homeomorphism;
The second condition means that both F(x) and F −1 (x) are linear operators bounded independently of x and this is used for norm equivalences. From the practical point of view F must be an orientation preserving NURBS map that preserve also the boundaries of the elements.
We recall that we are in the setting of single-patch geometry, that is, we adopt tensor product NURBS spaces as discussed in Section 2.2. For w ∈ V M and q ∈ P M let
(4.9)
The functionsŵ S andq S are splines onM = F −1 (M ), that we assume be defined on the whole R d , after zero extension. We define S V ,M to be the spline space spanned by {ŵ S }, and define S P,M as the span of {q S }; in this way S P,M is the intersection of a spline spaces whose function are supported inM =
We recall that, having adopted the isoparametric paradigm, on each macroelement the components of the the velocity field belong to the same discrete space, that is, there exists a spline space W (dependent on M) such that S V ,M = W d . Furthermore, we assume that the meshes are shape regular, that is,
where h K is the diameter of the element K and ρ K is the maximum diameter of a contained circle. Under the assumptions above the inf-sup condition (4.8) can be reduced to the condition Indeed by (4.11) it follows that ∀M ∈ M h there exists C S (M) > 0 such that
, with K = F(K), is a norm on the space S P,M , since the null-average property. A positive lower bound on C S (M) is obtained by the following compactness argument. Let Ψ be the inclusion of the macroelements in the unit sphere of R dL obtained by using the lengths of their edges as coordinates and then normalizing (recall that we are considering macroelements made of L d elements, see Fig. 1 ). The function C S (M) is scaling invariant and thus can be factorized as C S =Ĉ S • Ψ . From the regularity conditions (4.10) it follows that the image of the macroelements of interest in the sphere of R dL is in fact included in a compact set, whereĈ S is well-defined, continuous and strictly positive. This implies the existence of a constant
From (4.12), by using norm equivalences and approximating the weight ω by a macroelement-wise constant it follows that ∃h,
Furthermore, using macroelements where F is C 1 and approximating F by a linear map on each macroelement and using again norm equivalences it follows that ∃h, ∃C Verf > 0 :
(4.14)
In conclusion, for any NURBS space pair satisfying the assumptions above and (4.11) the inf-sup stability condition holds, at least for h <h. More details of this construction can be found in Bressan (2011).
Examples of inf-sup stable NURBS spaces
Two families of NURBS space pairs that fulfill (4.11) are presented in this section. The first family is an extension of the classical TH finite element, and has been already tested in Bazilevs et al. (2006) and and studied in Bazilevs et al. (2006) and Bressan (2011) for C 0 and C 1 regularity. It is originated by (p + 1)-degree velocities and p-degree pressures defined on the same mesh, typically with the same global regularity. We refer to this family by isogeometric TH element. For the second family the velocity field is defined on a subgrid of the pressure grid, e.g., by subdividing each pressure element into 2 d velocity elements. This construction allows us to take both fields as NURBS with highest smoothness, for example (p + 1)-degree C p continuous velocities and p-degree C p−1 continuous pressures. This family is referred as isogeometric SG element.
We adopt the notation and assumptions of Section 2.2. In particular, the geometrical map is F ∈ N p 0 ,r 0 ,Z 0 and all the NURBS spaces introduced in Theorems 4.1 and 4.2 are refinement of N p 0 ,r 0 ,Z 0 . (4.15) then there existsh =h(Ω, C shape , p V , r V , p P , r P ) such that the TH pair (4.17) satisfies the inf-sup condition (4.3) for all h h .
Proof. By the results summarized in Section 4.2, it is sufficient to exhibit a family of macroelements M h such that (4.11) holds. We will select macroelements made by L d elements. To each macroelement M ∈ M h is associated the vector of knot vectors (without repetitions)
. Then, the spaces S V ,M and S P,M that appear in (4.11) can be written as
Recalling Corollary 3.3, it is sufficient to show that condition (3.11) holds, in each tensor component i, for the pairs of spaces S 1 , S 2 with
and
All the pairs above have already been considered in Proposition 3.1, and since (4.15) we only have to require dim S 2 dim S 1 . It is easy to check that the last condition holds in both cases selecting
It is clear that we can easily define M h such that the macroelements, as described above, cover the whole domain, and, taking h small enough, the map F is at least C 1 on eachM .
Remark 4.2 In particular, the pair V p+1,r,h and P p,r,h is inf-sup stable for any 0 r p − 1. This is the most interesting choice because it balances the error in the velocity and pressure terms and will be tested in Section 5.
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To introduce the SG family of elements, we consider the mesh T h and its refinement T h/2 , which is obtained subdividing each element K ∈ T h into 2 d elements in a uniform way. Then we have the following result. (4.18) then there existsh =h(Ω, C shape , p V , r V , p P , r P ) such that the SG pair (4.20) satisfies the inf-sup condition (4.3) for all h h .
Proof. The proof is in fact analogous to the one of Theorem 4.1, with the difference that Proposition 3.2 is used now instead of Proposition 3.1. The details are omitted.
Remark 4.3 Now the SG pair V p+1,p,h/2 and P p,p−1,h is the most interesting one, since it is inf-sup stable, it uses NURBS functions with maximal regularity for both spaces, and velocity-pressure errors are balanced. This will be tested in Section 5.
Remark 4.4 By the same approach of Theorem 4.1-4.2 proofs, one can derive sufficient conditions for the stability of a wider class of methods. For instance, one can take global C r V and C r P velocity and pressure spaces with the exception of some C 0 interfaces as long as they are at least one macroelement apart: in this case one can straightforwardly adopt the same macroelements as in Theorems 4.1-4.2, selecting them in order to cover the domain without crossing the low regularity interfaces. This allows the preservation of the optimal convergence rate when there are C 0 interfaces in the parametrization (see Bazilevs et al., 2006 ) and will be tested numerically in Section 5. More general cases of fully variable regularity can be addressed as well (macroelements with variable internal regularity need to be defined, and analysed again by Theorem 3.1 result) but it would make the analysis more technical and is not considered in the present paper.
Numerical testing
In this section, we report the results of numerical testing of the isogeometric elements introduced and studied in Section 4.3. These test were done using the geopdes opensource software (De Falco et al., 2010) .
Two-dimensional benchmarks
In the first test problem, we aim to confirm numerically and compare the accuracy of the proposed TH and SG isogeometric elements. We solve the Stokes problem (4.1) with homogeneous Dirichlet boundary condition on the quarter of annulus (see Fig. 2 ). The coarse mesh is made by a single element where the NURBS parametrization F is C ∞ . The forcing term f is set in order to have exact solution
In Fig. 3 , we show the numerical errors u − u h H 1 0 (Ω) and π − π h L 2 (Ω) versus the total number of degrees of freedom n dof , for the isogeometric TH pair V p+1,r,h and P p,r,h . Uniform refinement in radial and angular direction is performed. It is seen that the tested TH elements deliver the expected order of approximation, that is, n (p+1)/2 dof . We compare the two cases r = 0 and r = p − 1 and observe that, as expected, the smooth approximation delivers a more accurate solution when n dof is the same.
In Fig. 4 , we repeat the same tests for the isogeometric SG elements V p+1,p,h/2 and P p,p−1,h , only considering the smoothest approximation. Observe the optimal error decay in all cases, the isogeometric SG velocity approximation being more accurate, given n dof , than the isogeometric TH approximation. This is consistent with the known result that smoothest spline or NURBS give the highest accuracy per degree-of-freedom when approximating smooth functions (see Evans et al., 2009) .
Three-dimensional benchmark
We consider now two different benchmark with the aim of studying the numerical stability of the new SG element.
The first problem is the Stokes flow in a driven cavity. The domain is the cuboid [0, 1] × [0, 1.5] × [0, 0.3]. Homogeneous Dirichlet boundary condition is imposed on the lateral boundary, while on the other two faces y = 0 and y = 1.5 the velocity is set to (−1, 0, 0) and (1, 0, 0), respectively. The discrete solution is obtained by an SG element on an 8 × 8 × 8 grid for the pressure, 16 × 16 × 16, for the velocity. The pressure degree and regularity are p P = 2 and r P = 1, while for the velocity unknown we select p V = 3 and r V = 2. The total number of degrees of freedom is 15738 (14739 for the velocity and 20 of 23 A. BRESSAN AND G. SANGALLI Fig. 3 . Error plots for the isogeometric TH element V p+1,r,h and P p,r,h in the two-dimensional benchmark. 999 for the pressure). The result of this simulation is depicted in Fig. 5 . It is observed, in particular, that the pressure field is stable and correctly approximates the singularities at the four edges where the boundary datum is discontinuous.
In the second test problem, we simulate the Stokes flow in a three-dimensional pipe. The pipe inlet is the rectangle [−0.5, 0.5] × [−0.25, 0.25] in the plane x = −2. The rectangular cross section is twisted in the central part x ∈ [−1, 1] by π/2, see Fig. 6 (left). The problem is designed in order to test the case of a geometry parametrization which is only C 0 at some interfaces: this happens between the first and the middle twisted part (at x = −1) and between the twisted and last part of the pipe (at x = 1). Our macroelement stability analysis covers this case (see Remark 4.4). The fluid is drawn by a unitary surface load at the ends of the pipe and homogeneous Dirichlet boundary condition is imposed on the lateral surface of the pipe. We test the the SG element on an 18 × 6 × 6 grid for the pressure, 36 × 12 × 12 subgrid for the velocity field. The pressure degree and regularity are p P = 3 and r P = 2, the velocity degree and regularity are p V = 4 and r V = 3. The total number of degrees of freedom is 29073 (27048 for the velocity and 2025 for the pressure). The results of this simulation are shown in Figs 6 and 7. 
